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Abstract

This article presents MAPS?: a distributed algorithm that allows multi-robot systems to deliver coupled tasks expressed
as Signal Temporal Logic (STL) constraints. Classical control theoretical tools addressing STL constraints either adopt
a limited fragment of the STL formula or require approximations of min/max operators. Meanwhile, works maximising
robustness through optimisation-based methods often suffer from local minima, thus relaxing any completeness
arguments due to the NP-hard nature of the problem. Endowed with probabilistic guarantees, MAPS? provides an
autonomous algorithm that iteratively improves the robots’ trajectories. The algorithm selectively imposes spatial
constraints by taking advantage of the temporal properties of the STL. The algorithm is distributed in the sense that each
robot calculates its trajectory by communicating only with its immediate neighbours as defined via a communication
graph. We illustrate the efficiency of MAPS? by conducting extensive simulation and experimental studies, verifying the

generation of STL satisfying trajectories.

1 Introduction

Autonomous robots can solve significant problems when
provided with a set of guidelines. These guidelines can be
derived from either the physical constraints of the robot, such
as joint limits, or imposed as human-specified requirements,
such as pick-and-place objects. An efficient method of
imposing such guidelines is by using logic-based tools,
which enable reasoning about the desired behaviour of
robots. These tools help us describe the behaviour of a robot
at various levels of abstraction, such as interactions between
its internal components to the overall high-level behaviour
of the robot [Lamport, 1983]. This strong expressivity
helps us efficiently encode complex mission specifications
into a logical formula. Recent research has focused on
utilising these logic-based tools to express requirements
on the behaviour of robots. Once these requirements are
established, algorithms are developed to generate satisfying
trajectories. Such is the focus of our work.

Examples of logic-based tools include formal languages,
such as Linear Temporal Logic (LTL), Metric Interval
Temporal Logic (MITL), and Signal Temporal Logic (STL).
The main distinguishing feature between these logics is their
ability to encode time. While LTL operates in discrete-
time and discrete-space domain, MITL operates in the
continuous-time domain but only enforces qualitative space
constraints. On the other hand, STL allows for the expression
of both qualitative and quantitative semantics of the system
in both continuous-time and continuous-space domains
[Maler and Nickovic, 2004]. STL thus provides a natural
and compact way to reason about a robot’s motion since it
operates in a continuously evolving space-time environment.
Additionally, STL is accompanied by a robustness metric
which allows us to determine the extent of satisfaction
compared to only absolute satisfaction [Donzé, 2013].
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Figure 1. Experimental setup with three mobile bases and two
6-dof manipulators.

Another important property of autonomous robots is their
ability to coordinate and work in teams. The use of multiple
robots is often necessary in situations where a single robot
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is either insuf cient, the task is high-energy demanding, d8TL parse tree and the Satisfaction variable tree from our
unable to physically perform certain tasks. However, multprevious work (Section 3.2 here). Additionally, we present
robot systems present their own set of challenges, suchexperimental validation results and introduce a novel STL
communication overload, the need for a central authority feeri cation architecture.
commands, and high computational demands. The challengeThe rest of the paper is organised as follows. Section 2
therefore, is to derive solutions for multi-robot problemgresents the related work. Section 3 presents preliminaries
utilising logic-based tools, ensuring the achievement ahd formulates the problem of this work, Section 4 presents
speci ed high-level behaviour. how we decompose the STL formula into temporal and
In this article, we proposeMAPS? - Multi-Robot spatial constraints, Section 5 presents the main algorithm
Autonomous MotiorPlanning undeSignal Temporal Logic MAPS? along with analyses of the algorithm, Section
Speci cations - to address the multi-robot motion planning presents simulations of various tasks encountered in a
problem subject to coupled STL contraints. The algorithmobotics problem, while Section 7 presents the experimental
encodes these constraints into an optimisation functiemlidation on a real multi-robot setup. Finally, Section 8
and selectively activates them based on the tempocancludes the paper.
requirements of the STL formula. While doing so, each
robot only communicate_s with its r_leighk_Jours and iterati_velz Related Work
searches for STL satisfying trajectories. The algorithm
ensures distributed trajectory generation to satisfy STD the domain of single-agent motion planning, different
formulas that consist of coupled constraints for multipl@lgorithms have been proposed to generate safe paths for
robots. The article's contributions are summarised in tH@bots. Sampling-based algorithms, such as CBF-RRT [Yang
following attributes: et al., 2019], have achieved success in providing a solution
to the motion planning problem in dynamic environments.
 The algorithm's effectiveness lies in its ability toHowever, they do not consider high-level complex mission
distribute STL planning for multiple robots and inspeci cations. Works that impose high-level speci cations
providing a mechanism to decouple the STL formul the form of LTL, such as [Ayala et al., 2013, Bhatia
among robots, thereby facilitating the distribution ot al., 2010, Vasile and Belta, 2013, Fainekos et al., 2009],
tasks. resort to a hybrid hierarchical control regime resulting in
* As opposed to previous work, it covers the entirgbstraction and explosion of state-space. While a mixed
STL formula and is not limited to a smaller fragmentinteger program can encode this problem for linear systems
It reduces conservatism by eliminating the need feind linear predicates [Wolff et al., 2014], the resulting
approximations of max/min operators and samples #igorithm has exponential complexity, making it impractical
continuous time to avoid abstractions. for high-dimensional systems, complex speci cations, and
» It incorporates a wide range of coupled constrainteng duration tasks. To address this issue, [Kurtz and Lin,
(both linear and nonlinear) into the distributed2022] proposes a more ef cient encoding for STL to reduce
optimisation framework, enabling the handling othe exponential complexity in binary variables. Additionally,
diverse tasks such as pick-and-place operations gn¢hdemann and Dimarogonas, 2017] introduces a new
time-varying activities like trajectory tracking. metric, discrete average space robustness, and composes a
* We present extensive simulation and hardwanmg@odel Predictive Control (MPC) cost function for a subset
experiments that demonstrate the execution eof STL formulas.
complex tasks using MAPS In multi-agent temporal logic control, works such as

\erginis and Dimarogonas, 2018, Kress-Gazit et al., 2009]

th :{qtd't'r(;r;aléﬁstgetg.gez;g?nlhrgfli]eergtesdﬂ'; SéOTlJC?érme;n:x’gmploy workspace discretisation and abstraction techniques,
It procu J y u IQ\%ich we avoid in this article due to it being computationally

is probabilistically complete, meaning that it will nd such ademanding. Some approaches to STL synthesis involve

trajectory if one exists. : e . X
In our prior study [Sewlia et al., 2023], we addresse@smg mixed-integer linear programming (MILP) to encode

. ) onstraints, as previously explored in [Belta and Sadraddini,
the STL motion planning problem fpr two cou_pled agen_t§019, Raman et al., 2014, Sadraddini and Belta, 2015].
There, we extended the _convent|ona| Rap'dly'eXplor'qgowever, MILPs are computationally intractable when
Random Trees (RRT) algorithm to sample in both the tim ealing with complex speci cations or long-term plans

and space domains. Our approach incrementally built Spatboécause of the large number of binary variables required
temporal trees through which we enforced space and time : :
constraints as speci ed by the STL formula. The algorithrrﬁ] the encoding process. The work in [Sun et al,, 2022]

loved tial planni thod. wherei h encodes a new speci cation called multi-agent STL (MA-
employed a sequential planning Metnod, wherein eac aggLH_) using mixed integer linear programs (MILP). However,

communicated and waited for the other agent to build '[ﬁe predicates here depend only on the states of a single
tree. In contrast, the present work addresses the STL motg) bnt, can only represent polytope regions, and nally

planning problem for multiple robots. Here, our algorlthrrt‘emporal operations can only be applied to a single agent at

adopts a distributed optimisation-based approach, wher ime. In contrast, this work explores coupled constraints

spatial and temporal aspects are de_coupled to satisfy the 32% een robots and predicates are allowed to be of nonlinear
formula. Instead of constructing an incremental tree, as do

. . ) ; Sture.
in the previous work, we introduce a novel metric calle

the validity domainand initialise the process with an initial
trajectory. In the current research, we only incorporate the
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As a result, researchers have turned to transient control-
based approaches such as gradient-based, neural network-
based, and control barrier-based methods to proviéit) F " , h(x(t)) 0
algorithms to tackle the multi-robot STL satisfactionx;t) F : (GO E"Y)
problem [Kurtz_ and_ Lin, 2022]. Such approaches, ?&;t)j: AT, G E T AA GO E 2
the cost of imposing dynamical constraints on the . | , ) o
optimisation problem, often resort to using smoot X ODF " aUap) 2,9 W2 [t+at+hstt)F "2
approximations of temporal operators at the expense "Bt 2 [Lta]i (Xit2) F U oa
of completeness arguments or end-up considering only . i
a smaller fragment of the syntax [Lindemann et al., We also de ne the operatodisjunction eventually and
2017, Charitidou and Dimarogonas, 2021, Chen aiv@sas'i_"2 @ ('17:"2), Fap' >U qap’
Dimarogonas, 2022, Lindemann and Dimarogonas, 201§]?9|G[a:b]' Fofan , respectively. Each STL formula is
STL's robust semantics are used to construct cost functioffdid over a time horizon de ned as follows.
to convert a synthesis problem to an optimisation problee nition 1. [Madsen et al., 2018] . The time horizon
that bene ts from gradient-based solutions. However, sugh(' ) of an STL formula is recursively de ned as,
approaches result in non-smooth and non-convex problems 8
and solutions are prone to local minima [Gilpin et al., 2020]. 5 0; if' =
In this work, we avoid approximations and consider the

full expression of the STL syntax. The proposed solutioffi(' ) = th(" 1); N ?f, . ,1\ ,
adopts a purely geometrical approach to the multi-robot STL § maxfth(* 1); th(* 2)g; ff -2
planning problem. Our current focus is directed towards the b+maxfth(* 1);th(" 2)g; if" =" 1Uap) 2:
planning problem, speci cally the generation of trajectories ®3)

that full STL constraints, rather than the dynamicaln this work, we consider only time bounded temporal
constraints or the precise control techniques used to execyiRrators, i.e., wheth(' ) < 1 . In the case of unbounded
the trajectory. STL formulas, it is only possible to either falsify atways

_ ) operator or satisfy aaventuallyoperator in nite time, thus
Notations: The set of natural numbers is denotedMoy@nd e consider only bounded time operators. Next, we state a

the set of real numbers bRR. With n 2 N, R" is the set common assumption regarding the STL formula.
of n-coordinate real-valued vectors af] is the set of

real n-vector with non-negative elements. The cardinalitfSSumption 1. The STL formula is ipositive normal form
of a setA is denoted byjAj. If a2 R and [b;d 2 R2, I-€. itdoes not contain the negation operator.

the Kronecker sumisde nedas [b;d=[a+ b;a+ c]2 The above assumption does not cause any loss of

R?. We further de ne the Boolean set &s= > ;?g (True, expression of the STL syntax (1). As shown in [Sadraddini
False). The acronyOF stands for degrees of freedom. 54 Belta, 2015], any STL formula can be written in

positive normal form by moving the negation operator to the
3 Preliminaries and Problem Formulation predicate.

In this section, we start by introducing STL and STL parsg 2 STL Parse Tree

tree, followed by the problem formulation.
An STL parse tree is a tree representation of an STL formula

3.1 Signal Temporal Logic (STL) [Sewlia et al., 2023]. It can be constructed as follows:
Let x:R. ! R" be a continuous-time signal. Signal . gachnode is either a temporal operator nigéie F g,
temporal I_oglt_: [Maler and_ NICkOVIC,.2004] is a predicate- a logical operator node :”::g , or a predicate node
based logic with the following syntax: f g wherel Risa closed interval;

' o o '  temporal and logical operator nodes are caltsd

=>] "jit ) e 2]t 2 1) nodes:

where' 1; ', are STL formulas andJ,p; encodes the + a root node has no parent node and a leaf node has
operatoruntil, with 0 a<b< 1: " is a predicate of no child node. The leaf nodes constitute the predicate

the form " : R" I B de ned by means of a vector-valued nodes of the tree.

redicate functiomn : R" I R . .
pred ctio as A path in a tree is a sequence of nodes that starts at

( > hx(t) 0 a root node and ends at a leaf node. The set of all such
h = 5 : (2) paths constitutes the entire tree. A subpath is a path that
2 h(x(1) >0 starts at a set node and ends at a leaf node; a subpath could

The satisfaction relatiofx;t) = ' indicates that signat also be a path. The resulting formula from a subpath is

satis es' at timet and is de ned recursively as follows: ~ called a subformula of the original formula. In the following,
we denote any subformula of an STL formdlaby ' .

Each set node is accompanied by a satisfaction variable
;' I'f +1; 1g and each leaf node is accompanied by

a predicate variable = " whereh is the corresponding

predicate function. A signat satis es a subformulad if
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E7 x = xj. The matrixE; takes the form,
On1

i.e.Eijiv= 0;:::;0;v;0:::;0 " inserts any 2 R"i atthe
i-th position of the vector. The support set is then de ned for

each predicate function®) as,
n
— H H n. nj.
Figure 2. STL parse tree and satisfaction variable tree for the Ski= 121j9x2REv2RY; >0

. (0]
formula in (4). h(x + Ejv) 6 h((x) -

=+1 corresponding to the set node where the subpath-E)IfIe support set thus captu_res all roboter which some
perturbation con ned to their own statg can change the

begins. Similarly, (root =+1 , (x;t)F ' where . . . .
root ig the root noc)i/e g‘f . A(In);nalogous(tree) (J)=f satisfactionvalu‘.3 of the pred|catg function®. If a predlcgte funct|on.
h(k) imposes constraints on the states of multiple robots, i.e.,

and predicate variables can be drawn, calsadisfaction ._ . 2 then we sav that the predicate function is counled
variable tree The satisfaction variable tree borrows the sarﬂgkj ' y P pied.

tree structure as the STL parse tree. Each set node from the

STL parse tree maps uniquely to a satisfaction variaple Example 2. For an STL formula' =(kx; Xx2k>
and each leaf node maps uniquely to a predicate variable 5) " (kx2 X3k < 2), hM =5 k x; xpk and
wherei is an enumeration of the nodes in the satisfactidf? = kxz x3zk 2. ThenS; = f1;2gandS; = f2;3g.

variable tree. An example of construction of such trees is

shown below. Let K. K denote the number of coupled predicate
Example 1. The STL parse tree and the satisfactiofinctions, and let these be indexed B§, where | 2

Y= F, MOGL( ") AGLFL( M) AGL( M) denote the support set of, i.e:, the set of robots whose
4 states appear ih/. Each roboti 2 Sy; then uses a local
Q) copy hfj := hf. This local copy is provided to the robots
ﬁnanually of ine prior the start of the algorithm. The robots
can also obtain the functiot andhg; that are coupled to
their own states directly frorh. This could, for example,
7=+1 =) (GOFE G (™). be done by de ning aregular expressiofiegex) pattern
and extracting predicate functions that involve the states
. [Goyvaerts, 2016].
3.3 Problem Formulation Next, let L; be the number of independent predicate
We consider a team o robots, where each robot hasynctions that involve only the states of robot with
statex; 2W; R",i2f1;:::;Ngandn; is the number iNzl L = K. Such predicate functions are indexed
of degrees of freedom of robot The overall state vector gshg ,i 2f1;:::;Ngandl 2f 1;:::;L;g.
is thenx :=[x7 Xy 17 evolving in a workspacéV = Let  be the projection that keeps the indicated
Wi W n and we denote by = n;+  + ny the state components of the robots 8, only, i.e. X =

number of degrees of freedom of the multi-robot system. WeE>x jm2 Sk, 0. The predicate function constraints for
consider the STL formula of the form (l) with a total léf each robot are then de ned as follows

predicates, d c
hi; (xi) 0 and hj( kx) O (6)

(
oo _ > h®x(@) 0, K= . (g for al i2fL::Ng 12fL:ilig and |2
2 h®W(x() >0’

are shown in Figure 2. From the trees, one obtains the imp
cations , =+1 =) (X;t)F F;, ™ _G,( ") ,and

hi can re ect physical interactions between the robots
Before we present the problem statement, we will introdugethe constraint is such, for example, f; species an
the multi-robot STL notation and the communicatiombstacle avoidance constraint or an object handover task.
structure of the multi-robot system. In this direction, de ne
support set for each predicate functioff) (x) that captures
all the robots upon which the predicate function imposes "= (kxy xok< )N (kxo  xzk< 1)
constraints. De ne a projection matrix; 2 R" "i such that (kxs  Xak< 1)~ (kxq X1k < 1)

(kxik < )™ (kxz2 X3 X4k < 1)
(kx2k < 1)~ (kxsk < 1)

%xample 3. Consider the STL formula,

Prepared usingagej.cls
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For the above STL formul& =8 andK. =5. The number Problem 1. Given an STL formula that species tasks
of independent predicates for each robot &re=1, L, = on a multi-robot system witN robots, design a distributed
1, L3=Ls=0 andLs =1. Table 1 depicts the labelled algorithm to nd continuous time-varying trajectories :
predicates for the above STL formula. The subsdriptthe [0;th(' )] ' W ;, starting at an initial con gurationy; (0) =
Xi(0), such that(y;t)F ;5 8t 2 [0;th(' )] with y =

Table 1. Labelled predicates for the example STL formula. [yi .yz e 'yK, T
o xok 1 Niai NG It should b d th d ly address th
kX2 X3k 1 h(2:;2; h§;1 t shou e noted that we do not currenty address the

closed-loop stability of the underlying multi-robot system.

kxs xak 1 h$.,; h§., . .

22l o2 Instead, we focus on the trajectory generation aspect and
kX4 Xlk 1 h4;2, h1;2 P _
ook 1 hd rely on existing low-level control approaches to track the
kX1 7 h‘lﬁ;l' e e generated trajectories. For more information, see Remark 3.
X2 X3 X4k 1 Z3: 33 43 The above problem is addressed assuming that at least one
kxok 1 hg;l such solution exists. This will help us provide probabilistic
kxsk 1 hs.1 completeness guarantees later on. Formally, we state the

following assumption:
labels of the predicate functiorts; and hf; species the

robot responsible for the predicate function. Assumption 4. There exists at least ong such that

o (i F "
Now we are ready to de ne the communication structure
of the multi-robot system, which is dictated by a graph. Le .
the communication graph be given 8y= (V ; E) whereV A{ STL Formula Decomposition
is the set of vertices corresponding to the indices of the robadts this section, we present how to retrieve spatial and
andE is the set of edges. In particular, the ed@¢ ) 2 E  temporal constraints from a given STL formula
indicates that robot can communicate with robgt as the

subsequent assumption states. 4.1 Spatial Constraints
Assumption 2. If (i;j) 2 E, then robotsi and j can In Section 3.3, we provisioned each predicate function
continuously communicate with each other. h(k)(x) appearing in the STL formula over the complete

We further assume that, every coupled predicate functigfp/lti-robot system to the corresponding robotlenoting
ashﬁl and h , depending om whether the robot is

induces an edge, ensuring that all state variables neede ij

compute the predicate function are locally available for ealfSPONsible for an independent or a coupled task. ,
robot. ‘For roboti, cast the constraints (6) into the cost function

F'as
Assumption 3. If there existsk 2 1;:::;K g such that
i;j 2 Sk, fori 6 j,then(i;j) 2 E. X 2 X 2
J k J ( J ) . ' . I } max O; h|dl + } max O; hICJ
Note that the aforementioned assumption implies that 1=1 2 ’ (2 1K og '
the graph is undirected i.e(i;j ) 2 E implies (j;i) 2 E. 2’
Additionally, based onG, the neighbourhood se\; of (7)

a roboti is dened asN; = fj 2V j (i;j) 2 Eg. We ObservethaE' :W ! R, andF' =0 ifand only if all the
also assume thdd is static, meaning that no new verticesf_,tonstrgints in (6) are satis ed. T_hen, enf_orcing conditions (6)
are added and no edges are created or deleted. With ieéquivalentto ndingx; for a givenx; (j 2 N;) such that
above assumptions, we are ready to de ne the distributéd = 0. This problem can be posed as,
information ow: . .

iy L o . min F' 8
De nition 2. An algorithm is called distributed, if it can be Xi 2W
executed individually by each robiota local version of the

i 2 ; iy ?) =
algorithm) by using only information from its neighboiNs. whose solutionx;’ satises F'(x")=0. In the cost

function (7), to reduce computational costs, we only
This de nition of distributed algorithm does not allow for minimise h(®) (x(t)) when h®)(x(t)) > 0 while leaving
any global information sharing among robots that are natk)(x(t)) 0 unchanged. This leads us to minimise:
neighbours with each other, thus a central computer cangot = max(0 ; h® (x(t))), which results ifF' = h®) (x(t))
evaluate an STL formula. For example, consider the STkhen h®)(x(t)) > 0 and F' =0 when h® (x(t))
formula: 0. Additionally, squaring the function penalises larger
. A errors more than smaller ones. Other cost functions that
= laoxekod kg xgk 1 enforce h®(x(t)) 0 within the validity domain can
where X1, X», and x3 are the states of robol, 2, Blso be czonsrgdered. For example, the cost funckén=
and 3 respectively. Then, Assumption 3 allows for a ; hﬁ, + hﬁj 2j2f1:Keg:i 2 S; could also
communication link between robat and robot2, and be used. However, it was not our rst choice, as we aimed
between robo and robot3. A distributed algorithm, in to minimiseh(®) (x(t)) only whenh(® (x(t)) > 0, whereas
the sense of our work, does not allow for communicatioiiis cost function would attempt to minimige*) (x (t))

between robol and robot3. regardless of its sign. Additionally, our formulation is
We are now ready to formally state the problem addressedganeral and works for any type of STL formula as any type of
this paper. objectives can be encoded in the STL formula, from which,
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we can extract the predicate functions and minimise theThe robots solve their respective optimisation problem
functionF . cooperatively in a distributed manner via inter-neighbour

The solution for nding the global minimum of a communication. This makes the problem distributed,
nonconvex function is a subject of extensive researchs every interaction between robots is part of the
We argue that employing gradient descent with randooommunication graph. Given the nature of the optimisation
initialisations is adequate for addressing this problerproblem, there is a trade-off between robustness and
particularly since the initialisations are sampled from aptimisation performance sincex” converges to the
compact setW;. Furthermore, using the knowledge thaboundaries imposed by the STL formula constraints, making
the minimum of the functionF-'(x) = 0, acts as a stopping it vulnerable to potential perturbations. However, introducing
criterion and facilitates the attainment of the desired solutioa.slack variable into the equation can enhance robustness,
We direct readers to the seminal work in [Nedic andlbeit at the cost of sacri cing completeness arguments. The
Ozdaglar, 2009], which presents a distributed gradieekample below shows how to construct the optimisation
descent algorithm for multi-agent systems. AdditionallffunctionsF'.

under certain assump.tlons, [Daneshmand et al, 202é)>1ample 4. Consider a system with 3 agents and the
demonstrates that gradient descent with a constant step size

avoids entrapment at saddle points. Gradient descent is cfg(srelzspiondlng statebxy; X2, %30, and let the _STL formula
. . . pel ' =(kxy x2k>b) (kxa2  x3k < 2); then, the
shown to ef ciently manage most reach-avoid constrain . : . A
. S . unctionsF', fori 2 f 1;2; 3g, are,
without the need for re-initialisation, given that such
constraints are expressible using norms. For our appllcatloq 1

— . 2
of gradient descent, we utilise the function presented fi = 5max(0’5 K X1 Xx2K)

Function 1. Function 1 implements the gradient descent, 1 , 1 5
Fs= Emax(0;5 kK X1 XoK)*+ Emax(O; kx, X3k 2)
Function 1: D|str|_buted0pt_|m|sat.|on _ F2= Tmax(Okxs xsk 2)%
Input: X;; step size; maximum iterations. 2

activation variables;; ;k 0

Output: x7
1 Receive neighbour statag, forallm 2 N;;
2 ComputeF ' with weights j ;
3r F' GradientComputation(  xinter; x®9") -
4 Xi=r1 FY 4.2 Temporal Constraints
5 while F' > 0do
6 Xj = X + Xi;
7 Receive neighbour statag, forallm 2 N;;
8 | r F' GradientComputation( XiiXj)
9 Xi=r FF;

Now that spatial constraints are encoded into the
optimisation problem, we are ready to encode temporal
constraints in the following section, thus completing our STL
decomposition into spatial and temporal constraints.

We now introduce the concept ehlidity domain a time

interval associated with every predicate and de ned for every
path in the STL formula. This interval represents the time
domain over which each predicate applies and is de ned as

follows:
10 k k+1;
1 if k > L °thenrandom x; 2 W; break; De nition 3. Thevalidity domainvd(' ) of each patH of
_ an STL formuld , is recursively de ned as
8
algorithm as described in Algorithm 9.3 of [Boyd and 0; if* = h
Vandenberghe, 2004], utilising initial conditiors, step size vd(' 1); ift ="
, maximum number of iteratioris®, and activation variables de ) = W ifr o= h
. . . . v ( ) [a! d! l G[a;b]
ij as inputs. The activation variables are presented later %a vdl' - i = L g h
in Function 3. It returns the optimised state’ as output. 2 ,() )i ' L G[a?b]' Lot
In line 8, the function GradientComputation() U+ T vd("1); i = Frap' 1
computes the gradient, either analytically or numerically. 9)

The stopping criterion is met either when a feasibl@hereT? = ft 2 [a;dj (x;t) F Frap' gis a time instant
state is determined, indicated by’ =0, or when the N [&;b] when the statex evaluated att of a signalx(t)
iteration count exceed&® (line 11), which may occur Satis esthe eventually operator. The va_rlatb'l’es_mluallsed
due to multiple conicting predicates active withif!. t0 O, but takes the valu€ = T every timeT” is updated
This situation arises because the algorithm accounts fd thus captures the last instance of satisfaction for the
the possibility that theeventually operator may not be €ventually operator.

satis ed at every sampled point within its validity domain. The apove de nition oft? is necessary due to the
This occurs, for example, if = Fi5Gos (9% (x) redundancy of the eventually operator; we must ascertain the
1) “Gps.10 (P (X)  2), and there is a con ict between speci ¢ instances where the eventually condition is met to
h®(x):= g®(x) 1 andh®(x):= g?(x) - (i.e., ensure nding a feasible trajectory. Additionally, we need
@/’ 2W; such thath® (x)(x?) 0~ h®@ (x)(x7) 0). to maintain the history of ? for nested temporal operators
In such cases, it becomes necessaryhfér(x) 0to be which require recursive satisfaction. The validity domain is
true exclusively within the interv40; 5][s] and forh® (x) determined for each path of an STL formula in a hierarchical
0to be true exclusively within the intervgs; 10]s]. manner, beginning at the root of the tree, and each path
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P
has a distinct validity domain. The number of leaf nodesssociated with the STL formula Let | F'(x(t)) =0 for
in an STL formula is equal to the total number of validityall t 2 |, vd(" «). Then, it holds thay (t) F ' .

domains. In De nition 3, we do not include the operatérs

and_ because they do not impose temporal constraints b°0f- The proof follows from the construction of the
the predicates and thus inherit the validity domains of theéjPtimisation function (7) and the validity domain. Notice
parent node. If there is no parent node, operatoend that if the optimisation problem (8) converges to the desired

.. H d c
inherit the validity domains of their child node. minima atF(x) =0, then " = > and "i => for

Remark 1. The validity domain is specially de ned in by de nition, the validity domain is de ned for the STL

the foII_O\_Ning cases. Ifha.l path contains _onIy pr?dicate?ormula and ifF ' is minimised during the validity domain,
the validity domain of " is equal to the time horizon of theny (t) '

* (i.e.,vd( M) =th(")). Furthermore, if a path contains
nested formulas with the same operators, such' as
G1:10/Go;2;( ), then the validity domain df is equal to the  In the next Section, we present how to integrate the
time horizon of the path (i.evd(' ) = th( ' )). For example, validity domain with the optimisation problem in (8),
vd(G1.101Go;2()) =th( ") =[1;12] completing thus the spatial and temporal integration.

Example 5. Consider the following examples of the validity
domain: 5 Main Results

e 'y = G[5;1o](g(1) (x) 1), then vd(' 1) =[5;10], In this section, we present the algorithm for generating
which is the interval over which"® must hold. Here Continuous trajectories that meet the requirements of a given
h® s the predicate corresponding to the predicatéT_L f(_)rmula_' . The algorithm is executed by the robots
functionh® (x) = g® (x) 1. of ine in a distributed manner, in the sense that they only
o', = F[S;lo](g(l) (x) 1), thent” is initialised to0, communlcate vlnth the|r nelghbour|ng robots.. The algorithm
T2 2 [5: 10] andvd( hO )= 0. Thereforeyd(' ) = builds a treeT; = fV;; 5 g for roboti whereV, is the vertex
) ’ ) : - H@ ! 2)=  set andE is the edge set. Each vertex2 R, W ; is
T" 2 [5,10]is the |r(1l'>;tance when™" must hold. sampled from a space-time plane. Until now, we denoted the
* " 3= F510Goiz1(9™ (x) 1), thent” isinitialised  states of roboait asx;, but from here onward, we denote them

to 0, T? 2 [5,10], vd(Go;z(g™ (x) 1)) =[0;2] asx'.

Therefore, vd(' 3) =0+ T° [0;2] =[T? T +2] In what follows, we give a high-level description of
is the interval over which ™ must hold such that the algorithm. The general idea is to start with an initial
' 3 is satis ed. trajectory that spans the time horizon of the formth@' ),

e ' y= G[g;lo]F[o;s](g(l) (x) 1), then a=2 then repeatedly sample random points along the trajectory
and vd(' 4) =2 Vd(F[o;s](g(l) (x) 1)) = and use gradient-based techniques to nd solutions that

2+0+ T? whereT? 2 [0;5]. Supposé&l? = 1, then satisfy the speci cation at these points. More speci cally, the
vd(' 4) =3 is the time instance when"® must @lgorithm begins by connecting the initigl and nal points
hold. Once " = >, thent?’= T? and the new Zo = to;xpg andz = ft;;x; g with a single edges =
vd(' ))=2+1+ T?whereT? 2 [0;5]. f(zp; 24 )g. The initial conditionszy = fty; xpg depend on
o' = , . (gD the robot's initial position and time. The nal conditions are
5 = F0;2000Gs;10/F 0;11(8" (X) 1), then P . o :
=0, T?2[0:100] and vd('s)= T’+a chpsen to be; = fth( )+ ;X;gwhere > 0 and.xf 2
Vd(Fpo.3(9® (X)  1)). SupposeT? =50, then W!'. Letty = 0 andt; ;th( ")+ .Thg nal §tatesx'f can
vd(' 5) = 55 Vd(F[O.l](g(l) (x) 1)) and so on. bg randomly c'hosen since the ;tates in the intg®yah(' )] .
’ will be determined by the algorithm based on the constraints
Regarding the STL formula in equatid#), the validity imposed by' . The algorithm then randomly selects a

domains are dened for the following pathsFi, ! time instantt® 2 [0;th(* )] and uses linear interpolation to
eRLIG Y MG R, M and G ! determine the states of each robot at that time, denoted by
h*, The robots then solve the distributed optimisation problem

l£_8) to nd new positionsx” that meet the speci cation at
time t°. The algorithm then repeats this process at a user-
eci ed time density, updating the trajectories as necessary.
he result is a trajectory that asymptotically improves the
g;xsk satisfaction of the STL formula.

We use the following notational convenience in this wor
if a parent node of a leaf node of a pathis aneventually
operator we denote the corresponding validity domain
vd™ (), and, if the parent node of a leaf node of a path
is analwaysoperator we denote the corresponding validit
domain byvd®(). The notationvd" () indicates that the Example 6. Before we get into the technical details, let us
predicate of the respective leaf node needs to hold at soouhsider an example of 4 agents, represented by the colours
instance in the said interval, andi®() indicates that the blue, green, yellovand magentato illustrate the procedure.
predicate of the respective leaf node needs to hold through@uippose, at a specic instance in time, sy the STL
the interval. The following lemma formalises the relatiofiormula requires agent 1 (blue) and agent 2 ( ) to be
between the STL formula and its corresponding encoding mre than 6 units apart and agent 3 ( ) and agent 4
described above.

Lemma 1. Supposex(t) =[x7;x5;:::] represents the
states of all robots, and x encompasses all subformulas
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(a) Initial trajectory. (b) A random time instance t©. (c) Optimal solution x ?. (d) Shaped trajectory.

Figure 3. lllustration of the proposed algorithm.

(magenta) to be closer than 6 units i.e., for 0,

Gjo o+ 1 (blue and are farther than 6 units apgrt

( and magenta are closer than 6 units)

We begin the process by connecting the initial and nal

pointszl, andz! with an initial trajectory for all agents, as

shown in Figure 3a. Each agent's vertex se¥isand consists

of the start and end points denoted#jyandz! respectively,

while its edge sefg contains only one edge connecting

the start and end points. From the initial trajectory, the

algorithm randomly selects a point at time instariédrom

the entire time domain and uses linear interpolation to

determine the state of each agent at that time. The agents

solve(8) using the initial positiorx® to nd new positionx?,

as seen in Figure 3b. As shown in Figure 3c, the distributed

optimisation problen(8) is solved, resulting in a solutiax’,

in which agent 1 and agent 2 are positioned so that they are

more than 6 units apart and agent 3 and agent 4 remain

undisturbed. The latter is the result of using functions of

the form1=2 max(0; hjj )2, and since agent 3 and agent 4rigure 4. Architecture of the provided algorithm.

already satisfy the requirements, i.bj; < 0, the function

is valued 0. The newly determined positions of agents 1 and. : _ . N
2 are added to the tree, allowing the trajectory to be shapé‘d is reached, see lines 5-14. This is also illustrated in Figure
to meet the requirements. The updated trajectory can be seen ) .

in Figure 3d. This process of randomly selecting a point | "€S€ steps are implemented as follows: In line 7, the
in time, determining the state of the agents and updatigamhsorto function separates the verticesinto two

their positions is repeated for a user-de ned nhumber of tim ts basedoon their time .values: one se.t W't.h t'me vaI.ues
L, to ensure that the trajectory satis es the STL formula 'OVe' thant” (the vertex with the highest time in this set is
throughout the time horizon indexed with “index’), and another with values greater than

t® (the vertex with the lowest time in this set is indexed
with “index+1"). The corresponding vertices am, e, =

2 iy i - i
5.1 MAPS ftindegixindexg an_dzilndez&l - ftEnqex+ll’X'=nde><+1 g Then, the_
The architecture of the algorithAPS (short for multi- algorithm uses linear interpolation in line 8 via the function
robotanytime motionplanning undesignal temporal logic Ntérpolate() to obtain the vertexj,e, = 1% Xjye,0.

speci cations’), is depicted in Figure 4. The algorithm,This is obtained by solving fok|,, element-wise as the

outlined in Algorithm 2, begins with an initial trajectorySelution of
connectingz)) andz{), along with a random seed and design D X dexet
constants as input (see lines 1-3). The random seed ensures Xinter = t ot
that all robots select the same time instance. The algorithm .

proceeds by repeatedly sampling a time instance withiie vertex zj,, is the initial condition to solve the
the interval, interpolating states at the said time instanc@ptimisation problem (8); and once a solutiay is
applying gradient descent to minimise the function (7), arptained, it is added to the vertex $&tin line 10. The edge
either adding or discarding the resulting optimal solutior$€tE is reorganised to includg,y in lines 11-13.

This process is repeated until the total number of vertices,Moreover, as a safeguard, if a solution remains
undiscovered followingd. iterations, line 16 initiates a reset

X
ti

index

i
index 0 i i .
(t tindex) + X index
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Algorithm 2: MAPS? Function 3: GradientDescent
Input: Initial conditionz}) = ft}; x}g, Final condition INPUL: Zjyer = F1° X|0 0 stepsize;
Zi = fti;xg, Maximum number of nodes, maximum iterationd. % stopping criterion
random seed, step sizestopping criterion , Output: Zgp;
satisfaction variables of all subpathg: 1 Receive neighbour stata§y,, for all m 2 N;
(" k) 1 2 forall " in' do
Output: T; 3 | vdj (") ValidityDomain  (');
1Vi Vil zl s ik O
2B Ei[f 7579 s j =0;8;
j JTi f\O/ hEg 6 caset® 2 vd (" ) do
s whilej L and (root) 6 +1 do 7L =L
6 | t° generate random numberli}; ti]; 8 caset® 2 vdi (' ) do
7 | index SearchSort( V;;t°) ; o | =1;
8 zi:mer Interpolate( Vi;index) ; 10 caseto 2 T vdi () do
9 | Zopv _ L i =1foranyong = k
: 0y i
GradientDescent(  Zje ;L% ); 11 _ .
0| Vi Vil Z(i)pt; i T—O otherwise
1 | B EinfZiye ZhgexiO: 12 caset® 2 | vd§ (") do
12 | B Ei[f Zge ZopG; 13 |« =1forallk;
13 | B Eilf Zyps Zingexs0; 14 xb,  DistributedOptimisation( xi, ,LO
1 | T fV i Bg i)
15 ] j+L 15 Zho = T10xb,0;
6 | if j = L then]j 0; and8F; (F)= 1; 16 forall ' in' do
17 | ift°2 vdj (") then
18 if F'(Xtp) Othen
procedure. This involves setting the satisfaction variable f& node=leaf(’ );
all eventuallyoperators back to 1 and restarting the search?° (leaf) = +1 ;
Since we assume that at least one viable solution always while node6 roof(' ) and (nodg = +1
exists (refer to Assumption 4), the absence of a solution do
occurs solely when aaventuallyoperator is satis ed at an % node= pagent(node);
impractical instance of time. Such an impractical instanéé (node); t” _
of time affects the solution of the algorithm since there are SatisfactionVariable
redundancies in picking the satisfaction instangét)(j= (nodezyp);
Frap (@@ (x) 1) if h®(x):=gP(x) 1 Oatany o elsereset (' );t%;

single instance irja; b]). By resetting these operators, the . i .o
. . . A % return zg,; (')
algorithm aims to locate a solution under feasible instances

5.1.1 GradientDescent : The function is presented in

Function 3 and computes the optimal valag,, by solving  The indicesi andj in ; andvd; refer to roboti and the

the problem presented in equation (8). This allows the robgtg, predicate function associated with robptespectively.

to compute vertices that locally do not violate the ST erej 2f1;:::;Kig. We distinguish three cases: if the

formula. Oncezg,, is determined through Function 1, thesampled point belongs to the validity domain of a single

satisfaction variables are updated in Function 4. _ eventuallyoperator and/or a singlalways operator, j =
Based on the validity domain, the Function 3 determings |f the sampled point belongs to the validity domain of

which predicate functions are active in (7) at every samplegyitiple eventuallyoperators, we activate only one of them

time instance®. The FunctiorValidityDomain Qinline 4t random, that is, ; =1 only for one of them. This

3 calculates the validity domains of each pattbased on qy0ids enforcing con icting predicates as it can happen that

De nition 3. Let K; be the total number of independeniytiple eventuallyoperators may not be satis ed at the same
and coupled predicate functions associated with rebat  time instance (For example = Fo(X> 0)AF py(x <

binary yariable j 210, 1g;j 2f1;::: ;_Kig is as_signed to 0)); see lines 6-13.
Qeterm|ne vyhether a predlcgte fu_nctlon is active or not. It|n lines 16-24, the algorithm updates the satisfaction
is set to 1 if the predicate is active and O otherwise. FQhriaple of all paths in the STL formula that impose
example, restrictions on robot's states. The algorithm goes bottom-
. = _ _ up, starting from thdeaf node to theroot node. First, it
:/T/he;eve?r[t%lg ([EXiO] :rf(lj( 0 ofr){eter?ge.ll a=1 determines itz is the desired minimum (i_.eF,i(x‘Opt)
e If ' 5= Fpoag(kxsk  5), then g =1 whenever 0) in Ilne_ 18, ar_ld in lines 19-23, t_he algorithm updates the
0 2 [10; 15]‘ and 0 otherwise. Oncess(t) E ' 2, satlsf_act|on .varlaple of gll nodes in the patlrth.rough the
41 =0 8t. function SatisfactionVariable() - If Zg is not the
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desired minimum, then all the satisfaction variables of the
path' are reset to 1 in line 25. This could result from
con icting predicates at the same time instance.

Function 4: SatisfactionVariable
Input: node; zj, = ft%x'g
Output: ;t?

1 case(node= F,) do

2 (Fi)=+1;

3 | t7=19

4 return ;t7; Figure 5. Disjunction representation for disjunctive

5 case(hode= G) do components using STL parse tree.

6 if robust (G) Othen

7| (@)=+1; R : N

8 return t? G.Fi,( 3) §|5( 4), as illustrated in Figure 5 Thg

o case(node= ) do sea_\rch termlnates_ yvhen any branch of the _d|SJunct|on
10 (M) =+1 satis es the condition (root) 6 +1, as specied on

1 return 't?’ line 5 of Algorithm 1. We acknowledge that this naive

method of handling disjunctions can result in exponential
growth with the addition of more operators. An alternative
5.1.2 SatisfactionVariable : This function, pre- approach, akin to the branch-and-bound method from
sented in Function 4, updates tbatisfaction variable tree optimisation [Morrison et al., 2016], involves evaluating

variable corresponding to each node listedlis(satis ed) or MAPS only for the formulas that show a faster increase

1 (not yet satis ed). The discussion of handling disjunctioim satisfaction. However, this strategy might necessitate a
operators is deferred to Section 5.1.3, as they are handhégher level of communication among robots which goes
differently. Considering the premise that the predicate eyond their existing communication network and possibly
true, as indicated in line 18 of Function 3, we evaluate threquire a central authority to coordinate task ful Iment. For
satisfaction variable as follows: example, the STL formula

» F,: The satisfaction variable of the eventually operator " = Go.5(X1 < 5)_ (Fpo;51(jx2 X3j > 2)):
is updated along with’ = t°. This updated” is used _ o
to determine the new validity domains in line 3 offOmprises disjunction between; = Go;s)(x1 < 5) and

Function 3; see Example 3 for an illustration of this 2 = Fio;s1(iX2 Xaj > 2). Observe that ; requires no
procedure. inter-robot communication, while, necessitates communi-

« G : Unlike theeventuallyoperator, determining(G ) cation between robotg and 3. In the implementation of a
necessitates the computation of robustness over {Rethod akin to branch-and-bound, we would branch into two

entire validity domain of the operator. The functiorformulas, 1and », and repeatedly switch between them if
robust () uses the robust semantics of the STWe observe the robustness of one formula decaying faster

presented in [Maler and Nickovic, 2004]. ParticularlycOmpared to the other. This switching must be performed
it samples a user-de ned number of points in th yacent_ral guthorlty t.hat observes the decay in robustness.
interval Vdﬁ;() and computesnf,,qe hd (xi(t)) or If the switching is deudgd among the robots, then ro:pot
o of 1 needs to communicate the robustness decay with the
hetwork of robot2 and3. This requires robot to establish
communication with the network of robot® and 3 in

updated tor1. o _order to decide which branch to grow, thereby necessitating
* *: This set node retums the satisfaction variablgommunication links where none existed before. Without
as+1 since it does not impose spatial or temporal,ch 5 communication link, both; and » would need to
restrictions. be satis ed using the naive approach presented in our work.
This motivates our choice to use the naive approach.

inftz\,dﬁ; hi; (x'(1)). If the robustness is non-negative
indicating satisfaction of the task, the value ¢ ) is

5.1.3 Branch-and-Pick for Disjunctions: In our approach,
we address disWnctions as follows: Given an STL formu? > Analvsis
oftheform’ = ,,..« i, whichcan also be represented™ y
as' = _(1; 2;:::; k), we divide it intoK individual In this section, we analyse the proposed algorithm and arrive
STL formulas. The agents then run Algorithm 2 separate#t proving the probabilistic completeness.
foreach = ;,wherei 2 1;:::;K. Forinstance, consider Let the setS W be a compact set where a trajectory
the STL formula represented as (4), y :[0;th(" )] 'S satis esthe STL formula. Along the lines
of [Kleinbort et al., 2019], let a trajectonry be located on the
"= F, ™ _G,( ") AG,Fi,( "™)"G( "):  boundary of the seB, the satis able set, dividingV into a
feasible se and an infeasible s8/nS.
We branch it into two STL formulas: ;= Starting with an initial linear trajectory in the augmented
Fi, 1"G,Fi,( 3)"Gi.(4) and ,=F,G,( )" time-space domain, each uniformly sampled time ptint
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meets the satisfaction criteria. The function adjustis
accordance with the de nition of STL operators presented
in Section 3.1, ensuring that updates accurately re ect
the satisfaction status. Furthermore, the update (teaf)
within Function 3 (referenced at line 20) occurs only when
the conditionF' 0 is met. This condition indicates that
all active predicates are satis ed by de nition. Thus, no

Figure 6. lllustration of Y , (Xx). satisfaction variable is incorrectly updated.

Next, the paper's nal result is presented, which states that
the probability of the algorithm providing an STL formula
g&\ttisfying trajectory (if one exists) approaches one as the
number of samples tends to in nity. This is a desirable
property for sampling-based planners and such algorithms
are termed probabilistically complete.

corresponds to a positiotier either inS or WnS. If Xinter 2
S, we leave it unchanged as it meets the requirements.
if Xinter S, We use gradient descent to reach a poinyon
since it lies on the boundary of the constraints' set.

Next, divide the trajectory : [0;th(' )]!'S intoL +1
pointsxy, whereO k L andy(th(' ))= x; = x. by Theorem 1. Algorithm 2 is probabilistically complete.
dividing the time duration into equal intervals qf Without
loss of generality, assume that the poirisandxy.; are Proof. The proof follows from Lemmas 1, 2, and 3. From
separated by, in time. WithL = th( ' ), the probability of Lemma 1 and Lemma 3, we know that every sample added
sampling a point in an interval of length can be calculated © the trajectory satis es the STL formula. Thus, what needs
asp= gty If << th("), thenp < 1=2: Denote the tp be shown is that the_alg_orlthm _samples in nitely many

times and covers the entire time horizon. From Lemma 2, we

sequential covering clas®f trajectoryy asY , (xx). The . ) o )
: : . : . now that the probability of covering the entire time horizon
length of Y , (Xk) is ¢ in the time domain and is centereo!: 1 P[X, L].Suppose the Algorithm 2 reachbs: LO

zhé(géssfi? ifF\I/ggrgari;I?a ' arep]:girti‘tn\(/:v?t.hiﬁ gglslir:fefvzllmt:g asgamples without nding a feasible solution, then it discaids
on either side ok, that is, withinY , (xy). If theretare samples as seen in line 16 of Algorithm 2. Given Assumption
H ) t .

L successful trials, the entire trajectoyyis covered, and gé:nvelgsvv?/]e:uslo ’hg\r;g S'rr‘:]c\?vjh:asrg:ig?ﬁ;ﬁﬁ:ﬁ\?‘;ﬂﬁ%ﬂ?ﬁg
the motion planning problem is solved. Considartotal Pes,

samples, wheren L, and treat this am Bernoulli trials samples sampled so far (including the discarded ones). Thus,

with success probabilitp since each sample is independentt1e p(EOb%k;i"% of the trajectory satisfying the STL formula is
m p .
with only two outcomes. We are now ready to state thb ((m J)p L)2» which approaches one as!1 . Thus,

following lemma. the algorithm is probabilistically complete.

Lemma 2. Leta constant and probabilitypsuchthap < Remark 2. Our algorithm can be endowed in a post-

%. Further, letm represent the number of samples taken byrocessing stage with a module that smoothens the trajectory

theMAPS algorithm. Then, the probability thAlAPS fails  to avoid large accelerations. However, care needs to be taken

to sample a segment after samples is at mo%. since the smoothened paths may no anger satisfy the STL
formula. One could also use more sophisticated approaches

Proof. The probability of not having. successful trials after like B-splines to impose velocity and acceleration limits as

m samples can be expressed as: shown in [Lapandi et al., 2024].
X1 Remark 3. At present, our approach does not incorporate
PXm L]= K pk@ p)™ K kinematic or dynamic constraints. Incorporation of such
k=0 constraints could be attempted by either deploying the

kinodynamic version of the RRT algorithm [Webb and
van den Berg, 2012], or by using an existing low-level
controller to track the generated open-loop trajectories.
(m L)p Somg .examples of such controllers inc_:lude the Model
W: Predictive Controller [Poignet and Gautier, 2000] and
the input constrained Prescribed Performance Controller
As p andL are xed and independent oh, the expression [Fotiadis and Rovithakis, 2024, Trakas and Bechlioulis,
((r:]np LL))pZ approaches 0 with as increases, thus completing2023]- This incorporation is by no means straightforward
the proof. but requires fusion with another type of methodological
machinery that goes beyond the scope of the current work.
Next, we present a nal lemma which helps us prove thBloreover, such controllers have been developed for a

and according to [Feller, 1968], if < 1, we can upper
bound this probability as:

PXm L]

probabilistic completeness of the algorithm. large variety of dynamical systems and hence the proposed
Lemma 3. No sampled pointxx is falsely labelled as c;ﬂ%(;:gthm is practical and applicable to a large class of

satisfying the STL formula unless it actually does.

Proof. The algorithm initiates by setting all satisfaction _ S,
variables, ,to 1, as inputs to Algorithm 2. These variables Meaningy -, Y . (xk)
are updated in Function 4 designed for evaluating whether
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6 Simulations which reads as “beginning ag[s], g (x) 1 must be
gtis ed at some point in the intervd, + ay;a; + b][s]

d this should be repeated evflsy ay][s].' A simulation
of the following task is shown in Figure 7d:

In this section, we present simulations of various scenarid
encountered in a multi-robot system. Restrictions al
imposed using an STL formula and MAP$ utilised to
create trajectories that comply with the STL formula. In the .o .
following we consider 4 age‘?]ts, with=0:1, =0:0land = GoooFao (kxa xsk 1):

L= TI;°= 100. The simulations were run on an 8 core Ifitel Eyery 20[s], the conditionjx;  xsj 1 is met. It's worth
Core" i7 1.9GHz CPU with 16GB RAM! noting that the specic timet? at which satisfaction
6.0.1 Collision avoidance We begin with a fundamental ©ccurs is randomly chosen by the algorithm. The maximum
requirement in multi-robot systems: avoiding collisions. I§omputation time by any agent@2017s].

this scenario, it is assumed that all agents can communicaté" reference to Remark 2, an example of post-processing
or sense each other's positions. The following STL formuie trajectories is shown in Figure 8 for the STL formula,

is used to ensure collision avoidance in the inteR@§] to ,
80[s]: = Qo100 F o201 (kX1 X2k 1): (10)

= Gaogo(kxi - Xk 1) A 3rd order polynomial was applied using the Savitzky-
wherefi;j g 2 ff 1;2g;f1;3g;f1;4g;f2;3g;f2;4g;f3;49g. Golay lter to smoothen the trajectory. Smoothening helps
As depicted in Figure 7a, all four agents maintain a distant@avoid any large accelerations and sudden velocity changes,
of at least 1 unit from each other during the intervahough it may come at the cost of potential STL violations.
E)zgli?{][:]] The maximum computation time by any agent '8.0.5 Multi-agent case study In this case study, we design
’ ) trajectories for a team of 100 agents that exist ih0®

6.0.2 Rendezvous The next scenario is rendezvous. W& 0(Jm] space and0; 100]s] time span. The team needs to
use the eventually operator to express this requiremeadhere to the following STL formula,

The STL formula species that agents 1 and 3 must h i
approach each other within 1 distance unitduring the interval' = Gio.90; kX; Xxjk 0:017kx; (50;50)k 5
[40;60]s] and similarly, agents 2 and 4 must meet at a (11)
minimum distance of 1 unit during the same interval. Thgj:j 2 f 1;2;:::;100y andi 6 j. Note that the above STL
STL formula is: formula has5150predicates. In the interv4l0; 90]s], the

STL formula dictates every agent to be at lea6tl]m] apart

from every other agent and to be at le&gh] close to the
- centre point(50; 50)[m]. The simulation results are shown

As seen in Figure 7b, agents 1 and 3 and agents 2 andl’;igure 10 where the Figures 10a-10c are the trajectories

s . . . 1N
4 approach each other within a distance of 1 unit Olurlr’lf()]efore the start of the algorithm while Figures 10d-10f
shows the trajectories at the endjof 1000 iterations, as

the speci ed interval. It's worth noting that the algorithm
mentioned in Algorithm 2. The simulation todk:84[s] to

= F[40;60](kX1 X3k 1AkX2 X4k 1)

randomly selects the speci ¢ tim& within the continuous

interval [40; 60]s] at which the satisfaction occurs. Thecom lete without parallelisation. The faster computation can
maximum computation time by any agenbi®637s]. P P j P

be attributed to the nature of the design of the cost function
6.0.3 Stability The last task is that of stability, which isin (8), which allows for points that do not violate the formula
represented by the STL formuRya, ,1Ga,b,1(9% (X) not to be changed. The robustness of the STL formula is
1). This formula requires thgg® (x) 1) must always shown in Figure 11, a negative robustness signies task
hold within the interval [t? + ay;t” + Ip], where t? 2 satisfaction. Here, the robustness converge$, tbecause
[a;; by]. This represents stability, as it requirégt® (x) the robustness for aawaysoperator re ects the worst-case
1) to always hold within the intervajt? + a,;t” + bp], Scenario. Itis important to note that computing the result for
despite any transients that may occur in the intefaglt?). Figure 11 required 12 hours and 10 minutes of computation
Figure 7c presents a simulation of the following STItime since it had to be performed centrally.

formula: 6.0.6 Overall case study In this case study, we demon-

' = Foaog Gozgg (119 X1 21)7 (39 xp  41) zgta:itr?gtgg tﬁzagﬁisvci)gg(:;sﬂl:; aforementioned scenarios by
A (B ANA (7 .
&9 xs BT (79 x4 81) » Agent 1 always stays above 8 units.

« Agents 2 and 4 are required to satisfy the predicate

X5+ x2 2 within the time interva[10; 30]s].
« Agent 3is required to track an exponential path within
6.0.4 Recurring tasks The next scenario is that of the time interva[20; 60]s].
recurring tasks. This can be useful when an autonomous « Agent 2 is required to repeatedly visit Agent 1 and
vehicle needs to repeatedly survey an area at regular Agent 3 everylOs within the interva[30; 50]s].
intervals, a bipedal robot needs to plan periodic foot « Agent 1 is required to maintain at least 1 unit
movements, or a ground robot needs to visit a charging distance from the other three agents within the interval
station at speci ed intervals. The STL formula to express [80; 100]s].
such requirements is given K&, :b,1F fa, 0,1(9% (X) 1),

wheret? = 63:97[s]. The maximum computation time by
any agent i€9:0211s].
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(a) Collision avoidance. (b) Rendezvous.

Figure 7. Simulation results of MAPS? with four agents.

Figure 8. Non-smooth and smooth paths for the formula (10).

Figure 9. Overall case study.

The STL formula for the above tasks is as follows:

' =(X1 8) " Gpuoasq(x3+x; 2
Goo:601(kxz  50exp( 0:1t)k  0:05

Gao:s00F0;107 (kX2 X3k 0:5)™ (kxz  x3k  0:5) #
Frro:9:80:11Go:20p (kX1 X2k 1)” (kxy X3k 1)

A (le X4k 1)

(c) Stability. (d) Recurring tasks.

7 Experiments

We now present an experimental demonstration of the
proposed algorithm. The multi-robot setup involves three
robots, as shown in Figure 1, and consists of 3 mobile
bases and two 6-DOF manipulator arms. The locations
of the three bases are denotedxas? R?, x, 2 R?, and

x3 2 R?, respectively. Base 2 and base 3 are equipped
with manipulator arms, whose end-effector positions are
represented as 2 R® ande, 2 R3, respectively.

The STL formula de ning the tasks is the following,

"= kxy Xk 0:6"kx, x3k 06"kxz xi:k 060
Guo:2sikx1 1:8[ cosQ069§; sin(0:0698)]” k  0:05"
Gao:7otker  [x7;0:35F k  0:01°

Gao:7oikx2  1:1[ cosQ0698; sin(0:069&)]” k  0:05"
Ggo:120ke2  [x7;0:35] k  0:017

Ggo:120kx3  L:1[ cosQ0698; sin(0:0698)]" k  0:05
Freo200kx1 [0;0F k  0:05"

Frso.200 kx2 [1, 1]k 0:05"ke; [x2;0:6k 0:05 *

Frso;2000 kxs [ L1k 0:05"ke, [x3;0:6]k 0:05 :

The above task involves collision avoidance constraints
that are always active given by the subformula= ( kx;
xok  0:6) ™ (kxp x3k 0:6)" (kxz Xxi:k 0:6).
Next, in the duration[10;125]s], base 1 surveils the
arena and follows a circular time varying trajectory given
by the subformula’ ;> =(Guo;1255kx1  ci(t)k  0:05)
where c,(t) is the circular trajectory. In the duration
[3C; 70]s], end-effector 1 tracks a virtual poir@:35m]
over base 1 to simulate a pick-and-place task, given
by the subformula’ s = Ggo.7oker [x7;0:35F k
0:01" Gpzo;701kx2  C2(t)k  0:05  where cp(t) s
the circular trajectory. Similarly, in the duration
[80;120]s], end-effector 2 takes over the task to
track a virtual point 0:35/m] over base 1, given by
the subformula ' 4 = Ggo;1200ke2  [x7;0:35F k
0:01" Gjgo:1200kx3  C2(t)k  0:05. Finally, eventually in
the duratio{180 200]s], the robots assume a nal position
given by the subformula s = Figo.200kx1  [0; OF k

The parameter was increased to 1000, anavas decreased 0:05" F isoi200) k2 [1; 1]k 0:057%key
to 0.001. In Figure 9, we show the resulting trajectories ?;2;0:6“( 0:05 "F go.200] kxs [ 1; 1)K

each agent generated BJAPS satisfying the above STL

formula. The maximum computation time by any agent @05 ke, [x3;0:6]k 0:05 :

4:611s].
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(@) 3dviewatj =0. (b)t yaxisviewatj =0. (c)x taxisviewatj =0.

(d) 3d view when j = 1000. (e)t vy axisviewatj =1000. (f) x taxisviewatj =1000.

Figure 10. Simulation of trajectory generation for 100 agents for the STL formula (11).

in the interval[10; 125] seconds. In Figures 12c and 12d,
the end effectors mounted on top of bases 2 and 3 track a
virtual point over the moving base 1 sequentially. In the last
20 seconds, the bases and end effectors move to their desired
nal positions, as seen in Figures 12e and 12f. The maximum
computation time by any robot &611[s]. Figure 13 shows
front-view and side-view at different time instances during
the experimental rum

8 Conclusion

This work proposed MAP a distributed planner that solves
the multi-robot motion-planning problem subject to tasks
encoded as STL constraints. By using the notion of validity
domain and formulating the optimisation problem as shown
in (8), MAPS transforms the spatio-temporal problem into

The results are shown in Figure 12, where the x-axfs SPatial planning task, for which efcient optimisation
represents time in seconds, and the y-axis represents gerithms alr.eady ex.|st..Task satisfaction is probablhs_,tlcally
predicate functions de ned by (5). The dashed line in th@uaranteed in a distributed manner by presenting an
plots represents the predicate functions of the trajectori@&limisation problem that necessitates communication only
obtained by solving the optimisation problem (8), while thg_etwee_n rol_aots t_hat share coupled constraints. E)_(tenswe
solid line represents the predicate functions of the actuEinulations involving benchmark formulas and experiments
trajectories by the robots. In the context of (5), negati\)QVON'”g varlgd tasks hlghhght thg algorlthms funct|onaI|_ty.
values indicate task satisfaction. However, due to the lafK/turé work involves incorporating dynamical constraints

of an accurate model of the robots and the fact that t§4Ch as velocity and acceleration limits into the optimisation

optimisation solution converges to the boundary of thyoblem.
constraints, the tracking is imperfect, and we observe ingR(t:
violations of the formula by the robots in certain cases.

Nonetheless, the trajectories generated by the algorithm Hts work was supported by the ERC CoG LEAFHOUND, the
not violate the STL formula. The coloured lines represent tifvedish Research Council (VR), the Knut och Alice Wallenberg
functions that lie within the validity domain of the formula.Foundation (KAW) and the H2020 European Project CANOPIES.
Figure 12a shows that the collision constraint imposed on all

3 bases is not violated, and they maintain a separation of fgtes

least 60 cm. In Figure 12b, base 1 tracks a circular trajectory

Figure 11. Robustness of the STL formula in (11).
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