2019 27th Mediterranean Conference on Control and Automation (MED)

July 1-4, 2019 - Akko - Israel

Distributed Event-Based Control for Second-Order Multi-Agent Systems
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Abstract—In this paper, we propose a state dependent event
triggering condition to achieve consensus for a team of agents
modeled with second order integrator dynamics. We study
two event-based consensus algorithms. In the first algorithm
we guarantee that the agents reach position consensus with a
constant final velocity while the second algorithm guarantees
that the agents reach position consensus with a zero final
velocity. The results are verified through simulation examples.

I. INTRODUCTION

Multi-agent systems (MAS) are systems composed of
multiple interacting dynamic units that are characterized
by their autonomy, local perspective, and decentralization.
These systems are recently gaining attention due to their
broad applications in wireless sensor networks, formation
flying, and distributed robotic systems [1]-[3]. MAS can
either be centrally controlled by a central computer or
distributedly controlled where every agent decides its own
course of action. Coordination between systems is brought by
solving the consensus problem, where consensus is defined
as an agreement by multiple systems on a common state
[4]. With the computation and modeling tasks becoming
more and more complex, centralized systems are difficult to
maintain and operate, hence a distributed approach is needed
where the agents rely only on local information from their
neighbors [5].

One of the subfields of MAS are networked cyber-physical
systems. In these class of systems, there is a strong coupling
between cyber processes such as communication and storage,
and physical processes such as actuation and sampling. For
example, in wireless sensor networks, the sensors are in a
remote location and the action is communicated to the actu-
ator over a wireless communication channel. These channels
consists of limited bandwidth and as the number of sensors
increases effective utilization of these channels is necessary
which has given rise to event triggered control [6]. In event
triggered control, traditional periodic sampling is replaced
with deliberate, opportunistic and aperiodic sampling thereby
reducing load on communication and computation resources
[5]. One of the most fundamental dynamical systems for
which we can envision an event triggered control is an
integrator. Many complex dynamic systems can be feedback
linearized as double integrators such as mobile robots, power
grids, or quad-copters [4], [7]. The work in [8] was one of
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the very first notes to study distributed event-based consensus
where a time dependent event based condition was defined
for a central controller and the results were extended to a
distributed case.

Related to this note are [9]-[11]. In particular [9] proposes
a time dependent event-triggering function for first and sec-
ond order dynamics to achieve average velocity consensus.
In [10], event-based protocols on single integrator dynamics
involving both fixed and switching topology. In addition
it provides bounds on the sampling period in terms of
eigenvalues of the graph Laplacian. The work [11] inves-
tigates the problem of synchronization in complex networks
and provides conditions to ensure that infinitely frequent
triggering is excluded by providing lower bounds on inter-
event times.

Most of the current work on event-based control focuses
on time-dependent thresholds instead of state-dependent
ones. This approach requires the system to have prior
knowledge of the smallest non-zero eigenvalue of the graph
laplacian matrix and the event triggered condition (ETC)
is updated continuously [12]. This, however, may not be
practical when the graph has switching topology or if an
agent is disconnected from the system. Also, time dependent
thresholds do not take into account the proximity of agents
which may result in farther agents communicating more
frequently compared to closer ones.

In this work, we study the state-dependent event-triggered
control strategy for a continuous time second-order MAS
over an undirected network. The main contributions of this
paper are as follows. Firstly, a novel state dependent ETC
is derived along with sufficient conditions to asymptotically
achieve consensus. The derived ETC can be continuous or
piecewise continuous, thereby giving us the flexibility to
choose a continuous or a piecewise continuous controller.
Secondly, we use this ETC to achieve average consensus
with a final constant velocity and zero-velocity consensus
with a final zero velocity. This is important when you want
to convert a consensus problem to a rendezvous problem.
As we will see further in this paper, converting a consensus
problem to a rendezvous problem can be done very easily
by just updating the controller in continuous time while
still operating under the same ETC. This is a very strong
result and will be the main focus of this paper. Finally,
with the simulation results we prove the effectiveness of the
derived ETC under both cases and provide a comparison with
constant time-scheduled control that was presented in [13].

This paper is organized as follows. Section II presents the
background and system model. The proposed event triggered
scheme is derived in Section III. Section IV verifies the
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results with numerical example and simulations. Conclusion
is presented in Section V.

Notations: Some concepts of graph theory that will
be used through out this paper are defined here [14]. An
undirected graph G = {V, &} consists of a finite vertex
set V = {v1,va,...,vn}, representing N agents, and an
edge set £ C V x V where each edge is denoted by
(vs,v;) € €. The adjacency matrix of the graph is denoted
as Ag = [a;;] is the N x N matrix given by a;; = 1, if
(1,7) € € and a;; = 0 otherwise. The degree matrix A(G)
for an undirected, unweighted graph is a diagonal matrix
diag(dy,ds, . . .,d,) with d; being the number of neighbors
of agent i. The Laplacian matrix L(G) associated with the
undirected graph G is defined as L(G) = A(G) — Ag where
A(G) is the degree matrix and Ag is the adjacency matrix.

II. PROBLEM FORMULATION

We consider multi-agent systems having double integrator
dynamics described as,

where z;(t) € R, v;(t) € R and u;(t) € R are position,
velocity, and control inputs of agent ¢, respectively. The
agents are able to exchange information over a static and
given undirected graph G.

We are interested in distributed control strategies that
drive the team of agents to consensus in their state. In this
direction, we define two notions of consensus for the multi-
agent system comprised of agents with dynamics (1).

i=1,...,N, (1)

Definition 1. A second order system is said to have achieved
average consensus, if for all z;(0), #;(0) € R, where i =
1,2,..., N,

N

: t 1S
thj& (xl(t) N Zvl(O)) =~ ;xl(()) and

i=1

1

tliglovi(t) =N Z v;(0).
i=1

Definition 2. A second order system is said to have achieved

zero velocity consensus, if for all x;(0), ©;(0) € R, where

i=1,2,...,N,

lim z;(¢t) =c¢ and lim v;(t) =0
t—o0 Z( ) t—o0 Z( ) ’
where ¢ € R is a scalar constant.

Consider the distributed control law proposed in [15] and
[16] and given by

ui(t) = - Z aj[(2i(t) — 25(t)) + p(vi(t) —v; ()], (2)

where a;; is the {i,j} entry of the adjacency matrix

Ag € R™ ™ associated with graph G, and p is a positive
T

scalar. Denote z(t) = [z1 22 zn]” and o(t) =
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[v1 w2 UN]T, then the closed loop dynamics can

be written as

{,C(t) o x o 0 IN

L}(t)} =T L}} , where I' = {—L —ul|
The above system reaches average consensus for an appro-
priate choice of gain u and a connected graph G, as shown
in [15, Lemma 4.1].

The broad gist of an event-triggered scheme is to sample

the states (z(t),v(t)) as (&(¢}),0(t})) where the sampled
states are constant between the event times {t¢, ¢} +1)» that

is, a zero-order-hold (ZOH) is applied in between the event
times. The error in state measurements for agent ¢ is defined
= &;(t}) — zi(t)

as,
L (t)
e(t) = oi(ty) —vilt).
Agent ¢ broadcasts its latest states to its neighbors at

event times {t}, ¢}, ..., ti} which are decided when an event
triggered condition is violated, i.e., when

fi(ei(t)’ 62(75)7@1‘(752)7171‘(152)) >0,

for some function f;(-). Such an event triggered condition
should be designed to reduce the times at which its states
are sampled and communicated to its neighbors, and also
decrease its own controller updates thereby reducing the load
on its communication and computation resources. Note that
in this paper, the states x(¢) and Z(t) are called position and
velocity respectively. However, in general, they need not be
position and velocity as their definitions can depend on the
considered system.

In this direction, we would like to consider an event trig-
gered strategy for implementing the second-order consensus
control law in (2).

3)

Problem 1. Construct a state-dependent event triggered
condition f; (el (t), el (t), 2;(tL), d;(t})) > 0O for the system
in (1) and a distributed control for each agent such that the

multi-agent systems achieves,

i) average consensus,
ii) zero velocity consensus.

III. MAIN RESULTS

In this section, we solve the second order multi-agent
system consensus problem with the presentation of an event
triggered condition (ETC). The general notion of event based
sampling is to define a function that guarantees the error
function of a system to always be less than some prespecified
threshold. Such functions generally take the form below,

F(Ee) 2 g(e) — he), €= m . {

Cx
e?)

}, 4)

where g(e) is some function of the error and h(&) is a
threshold that in our case is dependent on the states of the
system. The proposed scheme closes the loop, as shown in
Figure 1, every time the error function crosses the prespeci-
fied threshold, i.e., when f(z,e) = 0 as defined in (4).
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The ETC we propose is defined as follows,
Fi(eb (), eb(6),20(0), (1)) = ((e2)? + p(el)?) +

(UOLZ( w+ dio; + pd;o)n )
d;

where ¢! and e’ are sampling errors defined in (3), d; is
the number of neighbors of agent i, a; and o are positive
constants, n; is the {i} element of n(t) = Lv(t). We now
use the ETC in (5) to achieve average consensus and zero-
velocity consensus as defined in Section II.

S

A. Event Triggered Control for Average Consensus

To minimize the controller updates, the controller in (2)
is modified as,

Z ai;(

2ilth) — 25(t)) + pl0i(th) — 05(80))],

(6)

for t € [t},t} ) and K'(t) = argm1nleNt>t]{t tl}
denotes the last event instant of agent j. The sequence
{tx }ren are the time instants when agent ¢ samples ifs states,
while agent j samples its states at {t}, }, e, which says that
the event times can be asynchronous, i.e., agent ¢ can sample
its states without receiving/requesting its neighbors to sample
their states and continues to evolve with the last received
information from its neighbors. However, agent ¢ will update
its controller as soon as it receives any new information from
its neighbors. The exchange of information for the system
(1) with controller (6) is shown in Figure 1.

] i)

0; tﬁ v; (t A
L ronf{ere
= Plant

w
bl 7
éﬁ Ui (ti ) K U;
e
Controller
% Py
]
5 (1)
Agent j € N;
Fig. 1. Agent ¢ with event triggered control law (6).

In Figure 1, the event-triggered condition (ETC) has access
to the true state {z;,v;} of the plant and when the ETC
condition is violated, the state is sampled and provided to the
controller ({Z;,¥;}). These states are available in a sample
and hold fashion until the next updated states arrive. We now
provide a result showing that the trigger condition (5) with
control law (6) achieves average consensus for the system.

Theorem 1. Consider the system in (1) with control (6),
and assume that the communication graph is connected and
undirected. Suppose the event-triggered condition is given by

(€)2 + p(el)? > — T8 (Cp+ diay + pdsai)n?, (D)

i
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where e, and e, are sampling errors defined in (3), n;(t) =
> jen, (W (t) v;(t)), and p > 0 Yi. Then for 0 < o < 1,
0<a; < T d,_ and for any initial conditions, the system
(1) with control (6) achieves consensus.

Proof. Consider the candidate Lyapunov function V' (x,v) =
%IETLZZ + %vTLv where L is symmetric positive semi-
definite Laplacian matrix corresponding to the graph G. Then
the time derivative of V' (x,v) can be expressed as,

V(z,v) = 2T L% + vT Lo = —punTn — nT L(e, + pe,)

:f;an—ZZni(ei—ej uZane fej

i jEd; i jEd,;

= —un n—Zd n;e., +Zanej ,udeiefj—l—
i jEd; %
“Z Znie{).

i jEd;
Using Young’s inequality [17] which states that for a given

z,y € R and for any € € R, |:1:y|<§—6+ 2, we can
bound V as,

RO +<zdfa;”f+;df§z?2>
+<zd‘” Ly Y e

i i jEd;
.2 (ot )2
(AT A
(ST G

i jEd;
_Z (—p + dic; + pdia)n? —i—Z (

Enforcing the below condition,

+ plel)?).

oQ;

(eh)? 4+ mleh)® < ———(—p + dicv; + pd;ci)n;  (8)

[

ensures that,
V<Y (0= o) nt dics + pdiain?), )

which is negative semi-definite V {x,v} given 0 < o <
land 0 < o < di%ﬂdi. With the above Lyapunov
function, we now can define the compact set Dlmega =
{(z,v) | V(z,v) < ¢} and let S = {(z,v) € QV(x,v) =
0}. Note that V = 0 in (9) is possible only when n; = 0
meaning that the velocities are in agreement (i.e., v €
span{1}). We now show that S cannot contain any trajec-
tories where Lx # 0. To prove this by contradiction, let
there be an agent k£ € N, such that xj > x; which ensures
Lx # 0. Then

:75 am

> —aik(xi — &) >0,

i)+ (0 Za” — ;)

71}]
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due to our assumption that z; > x;, which is a contra-
diction because any trajectory in S must have v; = 0.
Therefore, S must be of the form S = {(z,v) € QN
(span{1},span{1})}. Invoking LaSalle’s invariance princi-
ple [18], we conclude that all trajectories starting in €2 must
converge to S as t — oo. O

When the error grows and equality is attained in (8),
an event is triggered. At this instant, x;(t) = ;(t}) and
vi(t) = v;(t%) thus resetting the error function to 0. This
process of error function evolving from 0 to a positive
value continues until consensus is achieved. Notice that even
though the vector n(t) is a function of continuous time
't’, the neighbors provide agent i only with the sampled
states {z;(t]),v;(t])}ien and we can either set the ETC to
receive x;(t) or z;(t%) without undermining the results. This
is explored in the sequel.

We now take a moment to talk about the error dynamics
as defined in (7). In vector form we can re-write (7) as,

ex + pey > B(Lv)?

where e, = [(ex)? ... (eiv)?]T, €y =
[(6’11})2 (ef,\’)Q}T, and 3 = diag(f1,...,0n) with
Bi = =% (—p + dio; + pdia;). Then when consensus
is achieved, v = cl with ¢ being a constant. We obtain

ex + e, < B(Lv)? = A2p(L1)% = 0 because L1 = 0.
As the error function is always non-negative, we have
ez + pe, = 0. Concluding that when consensus is achieved
the error function goes to 0.

B. Event Triggered Control for Zero Velocity Consensus

To achieve zero velocity consensus, we propose a mod-
ification to the controller proposed in (6). In this case, we
provide both the ETC and the controller access to continuous
time self-states {x;(t), v;(¢)}, which renders the controller to
be continuous as opposed to that presented in III-A which is
piecewise continuous. The control is now defined as,

ui(t) = — Z ai;[(2i(t) — ;(tL)) + p(vi(t) — 0;(t)),
j=1
' (10)

where {&; (ti,), 0; (ti,)} are the last received states from the
neighboring agent j. The control in (10) can be represented
in vector form as,

—(AG)a(t) — Agi (1) — n(AG)u(t) — Agd(t],)).

Theorem 2. Consider the system in (1) with control (10),
and assume that the communication graph is connected and
undirected. Suppose the event-triggered condition is given by
(M), thenfor0 <o <1, 0< a; < % and for any
initial conditions, the system achieves consensus.

u(t) =

Proof. Consider the candidate Lyapunov function V (z,v) =
$aTL*x + $vTLv where L is a symmetric positive semi-
definite Laplacian matrix corresponding to the graph G. Then

we have,
V(z,v) = 2T L% + v Lo
=2 L2+ v L[~ (A(G)x — Ag) — u(A(G)v — Agd)]
= — T L?v + v LAge, + pv” LAge,
ST Y Y Y e
i i jed; i jeds

Using Young’s inequality to bound the above equation and
enforcing the condition (7), we have,

2

V(z,v) < Z (p(a —2) 4+ a;di(1 — o) + pdiai (1 — U))%?

< pu(2—o)

) di(1+p)(1—0)
and 0 < o0 < 1. We have V = 0 if and only if n; = 0 which
is possible only when the velocities are in agreement (i.e.,
v € span{1}), hence using LaSalle’s invariance principle
[18] and the similar arguments posed at the end of Theorem
1, we can conclude that consensus is achieved i.e. |x;—z ;| —
0 and |v; — v;| = 0 as t — oo.

which is negative semi-definite for 0 < a;

O

Using the preceding theorem, we’d like to determine that
the consensus achieved is indeed zero-velocity consensus. In
this direction, consider the control in (10) and denote,

& = [m; 'Ui]T and éz = [2 @i]T,
leading to
¢ = C&—BK Z aij(&—&;)—BF Z aij (&—§;), (11)
j€Ed; JEd;
0 1 0
whereC:OO,B:{l},K:[O ﬂ]andF:

[1 O]. Then in state space form, the system can be repre-
sented as,

£(t) = Zg £(t) + Og &(1) (12)

where
Eg=INnQC—-A(G)®B(K+F), Og = Ag@B(K+F).

Lemma 3. The matrix Eg is Hurwitz and exp(Egt) — 0 as
t — oo.

Proof. Denoting the eigenvalues of Zg as Ay < Ay <--- <
Aoy and expressing the matrix =g as,

Eg :IN®C—dlag{d17d2,7dN}®(BK+BF)
= diag{C — d1BK — d1BF,C — d3BK — d2BF,

The above matrix =g is a block diagonal matrix and we can
study its individual blocks to gain more perspective on its
spectral properties. In particular,

0 1

det(C’ —d;BK — dlBF) = det (l:_dz _/sz:|> =d; 75 0,
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which shows that rank(C' — d;BK — d; BF') = 2, it follows
that,

N
rank(Eg) = » _rank(C — d;BK — d; BF) = 2N,
i=1
hence the matrix =g is full rank and consists of only non-

zero eigenvalues. The characteristic equation corresponding
to the matrix (C — d;BK — d;BF) fori=1,...,N is,

—s 1

_ — o2 ) )
PO = |0 | =5 s

and the roots of the above polynomial are,
—,udi + #Qd? - 4dz
S =
2 )

Vu,d; > 0, the matrices C' — d;BK — C;BF for i =
1,2,..., N are Hurwitz stable, implying the matrix =g is
Hurwitz. Since Z¢ is Hurwitz, exp(Zgt) — 0ast — oco. O

Theorem 4. Consider a connected and undirected graph G,
then under the event triggered condition (7) control in (10)
achieves zero velocity consensus.

Proof. From Theorem 2 we know that the system achieves
consensus i.e., z;(t) — z;(¢t) and v;(t) — v;(t). Now to
prove that this is a zero-velocity consensus, consider the
general solution to the state space equation in (12) as,

t IS
€(t) = exp(Egt)E(0) + exp(Zot) | exp(~Zgm)Oé(r)dr
= exp(Eg1)€(0) + exp(Zgt)  — exp(~Zg7)Z5 OgE(r)|

t .
—/0 CXP(—EQT)(—59)719g§(T)dT)
= exp(Egt)€(0) — ' Og€(t) + exp(Egt) =g  Og£(0)
t .
+exp(Egt)/0 exp(—EgT)E;lC“)gé(T)dT.

For a very large ¢, since Z¢ is Hurwitz, exp(Egt) — O as t —

oo and since consensus is achieved, ¥ — 0 and the above
equation reduces to,

lim £(t) = lim —Z25'0g&(1).

£(t) = lim —=5'064(1)

t—o00

13)

The matrix =g is a block diagonal matrix with blocks
0 . .
—di —pd; as shown in Lemma 3 and it’s easy to see
that it’s inverse is also a block diagonal matrix with blocks
[—l,u _10/ dl}. The matrix ©¢ is also composed of blocks

with components {3 2} and the product of =g ! and ©¢

XXy
. Hence, we see
0 0

that all the even numbered rows of (13) which correspond
to the velocities of the agents are 0 as ¢t — oo. Therefore
lim; 0o v;(t) = 0 and it’s obvious that lim; o 2;(t) =
constant. O

will be matrices with blocks of

Reducing the communication load in a network comes
at a cost of slower convergence rate. To prove this, define
V(z.v) |
V(zw) -

the convergence rate of V(x,v) as p = %inf{ -

(x,v) € S
when V(z,v) and V(zg,vp) are at its maximum which
is V(xo,v0) and V(zg,vo) respectively. Let p. be the
convergence rate with event-based sampling and p,, without
event-based sampling and our goal is to show p. < p,,. Then,

(I =o)(p—dia; — pd;a;)n;(0)2

[19]. In this expression, infimum is attained

= (14)
¢ %xOTLQJ:O + %’U(?L’UO ’
and,
pod L2
Pw=T T73 LT o (15)
3% L7xo + 5 Lo
Maximizing p. over «; we set a; = 0 to obtain p, =

(1-o)u3; ni(0)? : (0)2 —
W and it can be shown that Zl nz(O) =

vd L?vy. Therefore, p. = (1—0)p,, implying p. < p,,. This
also holds for the zero-velocity consensus case.
IV. SIMULATION EXAMPLE

In this section, we illustrate the theoretical results through
simulations for a network of 4 agents with communication
graph G as shown in Figure (2).

Fig. 2. Communication graph G of the multi-agent system.

Average consensus: Simulation results for double-
integrator agents with random initial conditions, p =
2, a1 = ag = az3 = a4 = 0.1 and ¢ = 0.9 are shown
in Figure 3. The results in Figure 3 are consistent with
Theorem 1 as all the agents reach position consensus with
constant final velocity. Since the control law is piecewise
continuous, this event based scheme makes use of lesser
computing power compared to traditional periodic sampling.
The evolution of error and trigger functions for agent 1 is
shown in Figure 4(a). As discussed earlier, the error function
increases from O in the positive direction until equality is
attained in (8) and subsequently the error function is reset to
zero and this process repeats until consensus is achieved. The
threshold function, as indicated in Figure 4(a) is re-evaluated
any time new information is received from the neighbors.
Figure 4(b) shows the evolution of the Lyapunov function
as defined in Theorem 1 and we note that V(z,v) — 0 as
consensus is achieved.

Zero velocity consensus: The simulation results for second
order multi agent system with random initial conditions, y =
2, a1 = as = ag = a4 = 0.1 and ¢ = 0.9 is shown in
Figure 5 where we conclude that the velocity convergence
takes place at zero and position consensus takes place at a
constant value consistent with the results of Theorem 4. The

314

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on March 07,2023 at 17:35:33 UTC from IEEE Xplore. Restrictions apply.



R ———— 1
S
1 . . . . . . . . .
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Y PP A AP IV O R
o
=
53
% 2 f* * * * R e ]
Q
1

L S
L

HoK R K R R Rk Kk ROk ORI
L L L L i H L L

0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
time(s)

Fig. 3. Simulation result for double-integrator agents with trigger function
(5) and control law (2).

Error function
Threshold

value for agent 1"
V(z,v)

2 25 8 as 4 a5 5 o 0s 1 15 2 25 3 35 4 45 5
time(s) time(s)

(a) Error function and the trigger
function for agent 1

(b) Evolution of the Lyapunov
function.

Fig. 4. Results pertaining to the average consensus problem.

—— Agont 1 — Agent 2
s Agent 3 — Agent 4
gt =
o |
0 5 10 15
|
T o
5
-1
0 5 10 15
” 4k K ko ok ok kK ‘* * Kk * I *
3
s 8r
L *
e 1k % % 3k % % ok % % % %k ok * *
0 5 10 15

time(s)

Fig. 5. Simulation result for double-integrator agents with trigger function
(5) and control law (6).

controller inputs to individual agents as defined in equation
(10) is shown in Figure 6 and u; — 0 as the states converge.

V. CONCLUDING REMARKS

In this paper, a novel event triggered condition (ETC)
was proposed to asymptotically achieve average and zero-
velocity consensus among a group of agents with second-
order dynamics. We highlight that the proposed condition
relies only on relative state measurements and reduces the
communication load on the system. The proposed event
triggered scheme determines for each agent when to update
its own states and when to broadcast its states when a
locally computed error function exceeds a state-dependent
threshold. The simulations were performed with periodic
event detection which further minimizes the communication
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— U3

us

Controller input

time(s)

Fig. 6. Controller inputs for zero-velocity consensus.

load on the system and also provides a lower bound on the
inter-event time.
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